Abstract-The problem of output-feedback stabilization of a double integrator is revisited with the objective of achieving the rates of convergence faster than exponential. It is assumed that only position is available for measurements, and the designed feedback is based on the output and its delayed values without an estimation of velocity. It is shown that by selecting the closedloop system to be homogeneous with negative or positive degree it is possible to accelerate the rate of convergence in the system at the price of a small steady-state error. Efficiency of the proposed control is demonstrated in simulations.
I. INTRODUCTION
The design of regulators for dynamical systems is a fundamental and complex problem studied in the control theory. An important feature of different existing methods for control synthesis is the achievable quality of transients and robustness against exogenous perturbations and noises. Very frequently the design methods are oriented on various canonical models, and the linear ones are the most popular. Then the double integrator is a conventional benchmark system, since the tools designed for it can be easily extended to other more generic models. If non-asymptotic rates of convergence (i.e. finite-time or fixed time [1] ) are needed in the closed-loop system, then usually homogeneous systems come to the attention as canonical dynamics, which include linear models as a subclass.
The theory of homogeneous dynamical systems is welldeveloped for continuous time-invariant differential equations [2] , [3] , [4] , [5] or time-delay systems [6] , [7] (applications of the conventional homogeneity theory to analysis of timedelay systems considering delay as a kind of perturbation have been considered in [8] , [9] , [10] , [11] ). The main feature of a homogeneous system (described by ordinary differential equation) is that its local behavior of trajectories is the same as global (local attractiveness implies global asymptotic stability, for example [1] systems the independent on delay (IOD) stability follows [7] , with certain robustness to exogenous inputs in both cases. The rate of convergence for homogeneous ordinary differential equations is related with degree of homogeneity [1] , but for time-delay systems the links are not so straightforward [12] . In addition, the homogeneous stable/unstable systems admit homogeneous Lyapunov functions [5] , [13] , [14] .
Analysis of delay influence on the system stability is vital in many cases [15] , [16] . Despite of variety of applications, most of them deal with the linear time-delay models, which is originated by complexity of stability analysis for time-delay systems [16] . However, in some cases introduction of a delay may lead to an improvement of the system performance [17] , [18] .
The goal of this work is to develop the results obtained in [17] , [18] for linear systems to a nonlinear homogeneous case restricting for brevity the attention to the case of the double integrator model. A design method is proposed, which uses position and its delayed values for practical output stabilization with hyper-exponential convergence rates.
The outline of this work is as follows. The preliminary definitions and homogeneity concept for time-delay systems are given in Section II. The problem statement and the control design and stability analysis are presented in sections III and IV, respectively. An example is considered in Section V.
II. PRELIMINARIES
Consider an autonomous functional differential equation of retarded type with inputs [19] :
where x(t) ∈ R n and x t ∈ C [−τ,0] is the state function (we denote by C 
where φ h ∈ C [−τ,0] for 0 < h < τ is given by
A continuous function σ : R + → R + belongs to class K if it is strictly increasing and σ(0) = 0; it belongs to class K ∞ if it is also radially unbounded. A continuous function β : R + × R + → R + belongs to class KL if β(·, r) ∈ K and β(r, ·) is a strictly decreasing to zero for any fixed r ∈ R + .
The symbol 1, m is used to denote a sequence of integers 1, ..., m. For a symmetric matrix P ∈ R n×n , the minimum and maximum eigenvalues are denoted as λ min (P ) and λ max (P ), respectively.
A. ISS of time delay systems
The input-to-state stability (ISS) property is an extension of conventional stability paradigm to the systems with external inputs [20] , [21] . 
Definition 2. [20] A locally Lipschitz continuous functional
V : C [−τ,0] → R + is called ISS Lyapunov-Krasovskii functional for the system (1) if there exist α 1 , α 2 ∈ K ∞ and α, χ ∈ K such that for all φ ∈ C [−τ,0] and d ∈ R m : α 1 (|φ(0)|) ≤ V (φ) ≤ α 2 ( φ ), V (φ) ≥ χ(|d|) =⇒ D + V (φ, d) ≤ −α(V (φ)).
B. Homogeneity
For any r i > 0, i = 1, n and λ > 0, define the dilation
and the vector of weights r = [r 1 , ..., r n ]
T .
Definition 3. [22]
The function g :
holds for some ν ∈ R and all λ > 0.
holds for some ν ≥ − min 1≤i≤n r i and all λ > 0.
In both cases, the constant ν is called the degree of homogeneity.
The introduced notion of homogeneity in C [−τ,0] is reduced to the standard one in R n [5] under a vector argument substitution.
For any x ∈ R n the homogeneous norm can be defined as follows
For all x ∈ R n , its Euclidean norm |x| is related with the homogeneous one:
for some σ r , σ r ∈ K ∞ . The homogeneous norm is a rhomogeneous function of degree one: |Λ r (λ)x| r = λ|x| r for all x ∈ R n . Similarly, for any φ ∈ C [a,b] , −∞ ≤ a < b ≤ +∞ the homogeneous norm can be defined as follows
and there exist two functions ρ r , ρ r ∈ K ∞ such that for all φ ∈ C [a,b] ρ r (||φ|| r ) ≤ ||φ|| ≤ ρ r (||φ|| r ).
The homogeneous norm in the Banach space has the same homogeneity property that is ||Λ r (λ)φ|| r = λ||φ|| r for all
, for a radius ρ > 0, denote the corresponding sphere S 
with the degree ν for an initial condition x 0 ∈ C [−τ,0] , τ ∈ (0, +∞). For any λ > 0 the functional differential equation
has a solution y(t, y 0 ) = Λ r (λ)x(λ ν t, x 0 ) with the initial
In [6] , using that result it has been shown that for (3) with ν = 0 the local asymptotic stability implies global one (for the ordinary differential equations even more stronger conclusion can be obtained: local attractiveness implies global asymptotic stability [1] ). For time-delay systems with ν = 0 that result has the following correspondences: Lemma 1. [7] Let the system (3) be r-homogeneous with degree ν = 0 and globally asymptotically stable for some delay 0 < τ 0 < +∞, then it is globally asymptotically stable for any delay 0 < τ < +∞ (i.e. IOD).
Corollary 1. [7]
Let the system (3) be r-homogeneous with degree ν and asymptotically stable with the region of attraction B τ ρ for some 0 < ρ < +∞ for any value of delay 0 ≤ τ < +∞, then it is globally asymptotically stable IOD.
Corollary 2. [7]
Let the system (3) be r-homogeneous with degree ν < 0 and asymptotically stable with the region of attraction B τ ρ for some 0 < ρ < +∞ for any value of delay 0 ≤ τ ≤ τ 0 with 0 < τ 0 < +∞, then it is globally asymptotically stable IOD.
Corollary 3. [7]
Let the system (3) be r-homogeneous with degree ν > 0 and the set B τ ρ for some 0 < ρ < +∞ be uniformly globally asymptotically stable for any value of delay 0 ≤ τ ≤ τ 0 , 0 < τ 0 < +∞ 1 , then (3) is globally asymptotically stable (at the origin) IOD.
III. PROBLEM STATEMENT
Consider the double integrator system:
where x 1 (t) ∈ R and x 2 (t) ∈ R are the position and velocity, respectively, u(t) ∈ R is the control input and y(t) ∈ R is the output available for measurements. The goal is to design a static output-feedback control practically stabilizing the system with a hyper-exponential convergence rate, i.e. with a convergence faster than any exponential.
IV. MAIN RESULTS
The solution considered in this paper is the delayed nonlinear controller
where y α = |y| α sign(y), k 1 > 0 and k 2 > 0 are tuning gains, α > 0, α = 1 is a tuning power and h > 0 is the delay (if α = 1 then the control (6) is linear and it has been studied in [17] , [18] ). The restrictions on selection of 1 In this case for any 0 ≤ τ ≤ τ 0 , any ε > 0 and κ ≥ 0 there is 0 ≤ T ε κ,τ < +∞ such that |x(t, x 0 )|r ≤ ρ + ε for all t ≥ T ε κ,τ for any x 0 ∈ B τ κ , and |x(t, x 0 )|r ≤ στ (||x 0 ||r) for all t ≥ 0 for some function στ ∈ K∞ for all x 0 ∈ C [−τ,0] . these parameters and the conditions to check are given in the following theorem.
Theorem 2. For any k 1 > 0, k 2 > 0, h 0 > 0, if the system of linear matrix inequalities
is feasible for some > 0, γ > 0 and any 0 < h ≤ h 0 , then for any 0 < η < +∞ there exists ∈ (0, 1) sufficiently small such that the system (5), (6) is a) globally asymptotically stable with respect to the set B 2h η for any α ∈ (1 − , 1); b) locally asymptotically stable at the origin from B 2h η for any α ∈ (1, 1 + ).
All proofs are omitted due to space limitations. Note that for any α ≥ 0 the closed-loop system (5), (6) is rhomogeneous for r 1 = 1 and r 2 = α+1 2
with the degree ν = α−1 2 , then the result of Proposition 1 can be used for substantiation.
The requirement that the matrix inequalities (7) have to be verified for any 0 < h ≤ h 0 may be restrictive for given gains k 1 and k 2 , then another local result can be obtained by relaxing this constraint.
Corollary 4. For any k 1 > 0, k 2 > 0 and 0 < h 1 < h 0 , let the system of linear matrix inequalities (7) be verified for some > 0 and all h 1 ≤ h ≤ h 0 . Then for any 0 < ρ 1 < +∞ there exist ∈ (0, 1) sufficiently small and ρ 2 > ρ 1 such that the system (5), (6) is asymptotically stable with respect to the set B Note that in all cases, for ν = 0, the global stability at the origin cannot be obtained in (5), (6) (due to homogeneity of the system, following the result of Lemma 1 the globality implies IOD result), while in the linear case with ν = 0 such a result is possible to derive for any 0 < h ≤ h 0 . Then it is necessary to justify a need in the control with ν = 0 comparing to the linear feedback with the same gains. An answer to this question is presented in the following result, and to this end denote for the system (5), (6) :
as the time of convergence of all trajectories initiated on the sphere S 2h ρ2 to the set B 2h ρ1 provided that the delay h and the power α applied in the feedback.
Proposition 2. For given k 1 > 0, k 2 > 0, h 0 > 0, let the system of linear matrix inequalities (7) be verified for some > 0 and any 0 < h ≤ h 0 . Then there exist ∈ (0, 1) sufficiently small and 0 < ρ 1 < ρ 2 < +∞ such that in the system (5), (6)
for some 0 < h ≤ h 0 and any α ∈ (1− , 1) or α ∈ (1, 1+ ), provided that
for some T α ∈ R + and all α ∈ (1 − , 1 + ).
In other words, the result above claims that for any fixed feedback gains k 1 and k 2 , if the conditions of Theorem 2 are satisfied, then the nonlinear closed-loop system (5), (6) with ν = 0 (α = 1) is always converging faster than its linear analog with ν = 0 (α = 1) between properly selected levels ρ 1 and ρ 2 (which values depend on smaller or high than 1 is α) for a delay h .
The result of Proposition 2 provides a motivation for using nonlinear control in this setting: playing with degree of homogeneity of the closed-loop system it is possible to accelerate the obtained linear feedback by fixing the gains and delay values, but introducing an additional power tuning parameter. Note that another, conventional solution, which consists in gains k 1 and k 2 increasing for acceleration, may be infeasible for the given delay value h 0 . Let us consider some results of application of the proposed control and an illustration of the obtained acceleration. the matrix inequalities (7) are satisfied for h 1 < h ≤ h 0 with h 1 = 5 × 10 −4 , and the results of verification are presented in Fig. 1 . Thus, all conditions of Corollary 4 are verified. The errors of regulation obtained in simulation of the system (5), (6) with delay h 0 for different initial conditions with α = 0.8 and α = 1.2, in comparison with the linear controller with α = 1, are shown in figures 2 and 3, respectively (the solid lines represent the trajectories of the system with α = 1 and the dashed ones correspond to α = 1, since the plots are given in a logarithmic scale, then the latter trajectories are close to straight lines). As we can conclude, in the nonlinear Figure 1 . The results of verification of (7) for different h Figure 2 . Trajectories of stabilized double integrator with α = 0.8 case the convergence is much faster than in the linear one close to the origin for α ∈ (0, 1) and far outside for α > 1, which confirms the statement of Proposition 2. Note that the value of η (the radius of the set to which the trajectories converge for α < 1 or from which they converge to the origin for α > 1) is not restrictive.
VI. CONCLUSIONS
The paper addresses the problem of output stabilization of the double integrator using a nonlinear delayed feedback by obtaining hyper-exponential (faster than any exponential) rates of convergence. The control does not need an estimation of velocity, and the applicability of the approach can be checked by resolving linear matrix inequalities. The efficiency of the proposed approach is demonstrated in simulations and a comparison with a linear controller is carried out. 
